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A numerical  solution is presented for  the nonlinear differential equation for  the one-d imen-  
sional motion of an ideally plast ic incompress ib le  shell subject to p res su re  f rom a uniformly 
expanding gas. The s t r e s s  distr ibution in the shell and the law of motion are  derived. The 
failure radius is discussed.  

There are  var ious  papers  [1-5] on the behavior  of an ideally plast ic  incompressible  shell subject to 
p r e s s u r e  f rom detonation products;  the state of s t ra in  is complex, and there  are  tension and compress ion  
zones, for which relat ionships have been derived to define the failure radius.  There  is no study in [1-5] of 
the kinematics and energy  redistr ibution.  

We consider  the planar  deformation of a cyl indrical  shell (Fig. 1) in response to products  obeying 
the law 

pV ~ = eonst (1) 

where p and V are p r e s su re  and specific volume. 

The s t r e s s e s  (rr, (~0' and a z are  principal  ones. The internal and external  initial radii  are  a 0 and 
b0, while the cur ren t  ones are  a and b. 

We assume that the shell mater ia l  is incompress ible  and define the integral of the equation of con-  
tinuity in the fo rm 

v = d a i r  (2) 

where r is an Euler  coordinate,  v is the radial  veloci ty  of a part icle ,  and d = d a / d t  is the speed of the 
internal surface.  

We substitute (2) and the der ivat ives  0v/0t  and ~v/3r  in the Euler  equation 

( o r ' +  o~ ) o~ %-% 
TO - ~  U'~r = Or r 

where Y0 is the densi ty and used the plast ici ty condition 

00 - -  0r = g Y  

where Y is the dynamic yield point to get 

a~ ~ + % , 7 7~ ' 

(3) 

(4) 

Here k/ =d2a/dt  2 is the accelera t ion of the internal surface.  

In (3), ~ = 1 if the St. Venant plast ici ty condition.applies, and ~ =2/4-3  if the Mises plas t ic i ty  condition 
applies (the deformation is planar,  ~z = ( a r + a o ) / 2 [ "  
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We integrate (4) with respect  to r f rom a up to the cur ren t  value r and use the boundary conditiom 
a r  = - p a n d r = a  to get 

z T = - - P + •  ~-T~ + % (  a'~2r~ ~ )  

We use the external  boundary condition a r = 0 and r =b to get 

_ p + ~Y ln ~ + % (aii + d2) ln b ( a'~" a*) - ~ ' + 7 o  ~-~ 2 = 0  

Let P0 = P0D2/8 be the p res su re  of the instantaneous detonation, with O0 the explosive density and D 
the detonation rate.  The condition for  incompressibi l i ty  is 

b 2 _ a  ~ = bo 2 - a o  ~- 

and then the law of equilibrium expansion (1) takes the form 

P = p o ( a o / a )  2~ 

where we introduce the dimensionless pa rame te r s  

a" = a b' = b p ,  ----- p 

bo~ t D d" = ~' =- t' -- 
"-D ' " ~  ' bo ' 

y t  ~ Y 
poD 2 

X =  fl--t-~ - 
po 

to get the nonlinear second-order  differential equation 

(5) 

(6) 

(7) 
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C = - p o ( a o / a ) 2 ~ / x a l n ( H / a ) - - n Y / a x ,  H =  (i - - a o  2 + a ~ )  'h 

(8)  
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H e r e  and  s u b s e q u e n t l y  the  p r i m e s  to  the  d i m e n s i o n l e s s  p a r a m -  

e t e r s  a r e  o m i t t e d .  

The in i t i a l  c o n d i t i o n s  a r e  

a (0)  = . 0 ,  a (0)  = 0 

Equa t ion  (8) w a s  s o l v e d  v i a  a s t a n d a r d  p r o g r a m  us ing  the  R u n g e -  
Kut t a  m e t h o d  with  v a r i o u s  f i l l i n g  f a c t o r s  a = m / ( m  + M), w h e r e  m is  the  
m a s s  of  e x p l o s i v e  and M is the  m a s s  of the  she l l ;  the  v a r i o u s  p l a s t i c i t y  
cond i t i o ns  w e r e  e m p l o y e d  with d i f f e r e n t  d y n a m i c  y i e l d  po in t s .  We 
a s s u m e d  tha t  k = 3  in the  e x p a n s i o n  law. 

F i g u r e  2 shows  the d i s t r i b u t i o n  of the t a n g e n t i a l  s t r e s s e s  o v e r  
the  t h i c k n e s s  f o r  v a r i o u s  i n s t a n t s ,  w h e r e  a =0 .2 ,  Y =10 k b a r ,  ~ = 
2 / V ~ ,  ~ = ( r - a ) / ( b - a ) ;  l i n e s  1-4 c o r r e s p o n d  to d i m e n s i o n a l  t i m e s  

of  0, 1.7, 2.5, 3.2. 

A s h e l l  s u b j e c t  to an  e x p l o s i v e  l oad  has  two zones ;  a zone a d -  
j o in ing  the  o u t e r  s u r f a c e  has  a m i x e d  s t a t e  of s t r e s s  ( a t  < 0, nO> O) 

whi le  the  i n t e r n a l  zone has  a s t a t e  of n o n u n i f o r m  h y d r o s t a t i c  c o m p r e s -  
s ion.  The  zone  b o u n d a r y  (a 0 = 0 ) m o v e s  a s  the  she l l  e x p a n d s  and the  
p r e s s u r e  f a l l s ;  F ig .  3 shows  the  mo t ion  of the  i n t e r n a l  and  e x t e r n a l  
b o u n d a r i e s  ( l ines  1 and  4),  and  a l s o  tha t  of the  s u r f a c e s  a0 =0 and 
C r r = a  0 ( l ines  2 and 3) fo r  ~ =0.4 ,  Y = 1 0  k b a r ,  and  the  St. Venan t  

p l a s t i c i t y  cond i t ion .  

A s  the  s t r e s s  d i s t r i b u t i o n  in t h i c k n e s s  can  be  c o n s i d e r e d  a s  l i n e a r  to  7% at  any  ins tan t ,  we have  �9 

6r -~ - -  p[(b - -  r) / h, go = •  - -  P (b - -  r) / h 

"where h i s  s h e l l  t h i c k n e s s .  

The fo l lowing  i s  t he  depth  of  the  s t r e t c h e d  zone r e c k o n e d  f r o m  the o u t e r  s u r f a c e :  

y ~ h Y / p  = g ( t )  

F r o m  (7) we ge t  

y = h Y  (a / ao) 2~ / Po 

It i s  found [1] tha t  f a i l u r e  in such  a s h e l l  o c c u r s  when the  o u t e r  zone  has  p r o p a g a t e d  t h r o u g h  the  e n t i r e  
t h i c k n e s s ;  the  f a i l u r e  r a d i u s  i s  de f ined  by  

at = ao (Po / Y) ' /~  (9) 

It  ha s  b e e n  a s s u m e d  i n e x p l i c i t l y  in the  d e r i v a t i o n  tha t  the  s h e l l  f a i l s  in the  s t r e t c h e d  zone by  b r i t t l e  

t e a r .  

K we a s s u m e  tha t  s i m u l t a n e o u s l y  the  c o m p r e s s e d  zone  f a i l s  by  s h e a r ,  so  t ha t  f a i l u r e  h a s  a l r e a d y  o c -  
c u r r e d  when the zone  b o u n d a r y  a r r i v e s ,  the f a i l u r e  cond i t i on  wi l l  be tha t  the  n o r m a l  s t r e s s e s  in the  s h e a r e d  
a r e a s  a r e  z e r o ,  which c o r r e s p o n d s  to  a s t a t e  of p u r e  s h e a r :  

" o ' 0 = - - c %  o ' ~ = 0 ,  o r =  (o', + ~ 0 + ~ I ~ ) / 3 = 0  

A n  a n a l o g o u s  c o n c e p t i o n  i s  g iven  in [3]. 

In tha t  e a s e ,  the  f a i l u r e  r a d i u s  i s  de f i ne d  b y  

a ~ = a0 (2p0  / y)'1,~ ( 1 0 )  

We f ind  tha t  a ~  = 1.12 f o r  P0, Y and k = 3. 

E q u a t i o n s  (9) and  (10) do not i n c o r p o r a t e  the  p l a s t i c  p r o p e r t i e s  of the  m a t e r i a l ,  such a s  the  s t r a i n  6,  

s h r i n k a g e  $ ,  and  so  on. 
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Photographs  have been taken of she l l s  exploded in th is  way, and these  show that  one has  to dist inguish 
the radius  b c at which c r acks  a r i s e  at the outer  sur face  and the fa i lure  radius  b f  as  r eco rded  f r o m  the 
breakthrough of detonation products .  Table 1 gives  the re la t ive  values  for  these quant i t ies  (shell d imensions  
a 0 =10 mm, b0=13.5 mm,  length 10=130 mm,  a0/b0=0.74,  explosive TG 50/50). 

The re la t ive  fa i lure  radius  is 3.3 for  copper  shel ls  (a0/b 0 =0.83). 

F igure  4 shows the mean re la t ive  ve loc i ty  (v> /D as  a function of the re la t ive  rad ius  a/a  o fo r  va r ious  
a ;  the family  of cu rve s  1-4 co r r e sponds  to ~ =0.3, 0.2, 0.1, 0.05, and the continuous monotonic l ines r e p r e -  
sent r e su l t s  f r o m  (8) for  the St. Venant p las t ic i ty  condition and Y =10 kbar .  The do t -and-dash  l ines show 
cu rves  fo r  an ideally p las t ic  shell  der ived  f r o m  

The do t -and-dash  l ines  with points give r e su l t s  for  the same fo rmula  with Y =0: 

(ii) 

(12) 

Equation (12) does not incorpora te  the ene rgy  loss  due to i r r e v e r s i b l e  p las t ic  deformat ion  and gives 
high values .  

Equation (11) gives unde re s t ima te s  for  the ve loc i ty  for  c~ small ,  because  it does not incorpora te  the 
actual  s t r e s s  dis t r ibut ion in the th ickness .  

The effects  of the compres s ib i l i t y  and e las t i c i ty  on the in tegra l  c h a r a c t e r i s t i c s  have been examined by 
numer ica l  integrat ion of the equations of motion for  an e las toplas t ic  c o m p r e s s i b l e  shell  with the same  load-  
ing conditions (equil ibrium expansion) ; we used the f in i te -d i f ference  scheme  of [6]. 

F igure  4 shows (v>/D= f ( a / a  o) for  a shell  with the e las t ic  c h a r a c t e r i s t i c s  G =0.81" 103 kbar  and 
K = 1.75" 103 kbar ,  with Y = 10 kbar  and p a r a m e t e r s  for  tha faul t  compre s s ib i l i t y  in accordance  with [7] for  
two filling fac tors  (solid l ines,  nonmonotonic). It is c l ea r  that the compre s s ib i l i t y  and e las t i c i ty  have only 
smal l  ef fects  on the final ve loc i t ies  under these  conditions. 

The ene rgy  red is t r ibu t ion  for  an incompress ib le  shell  is indicated by Fig. 5, where  

E' = E / Eo, W' = W / Eo, E~'= Ep / Eo 

with E 0 and E the initial and cu r ren t  internal  ene rg ies  of the detonation products ,  W the kinetic ene rgy  of the 
shell,  and Ep the energy  of p las t ic  shape change. The graph has been cons t ruc ted  in the fo rm 

E' + W' + E~' = t  

Figure  5 shows r e su l t s  cor responding  to Y = 10 kbar  (solid line) and Y =20 kbar  (broken line). In both 
cases ,  a =0.05, and the St. Venant plas t ic i ty  condition was used. 

It has been proposed  [3] that the rmoplas t i c  shear  may occur  in such a shell,  so we e s t ima ted  the t e m -  
pe ra tu re  a r i s ing  f r o m  the p las t ic  deformation.  The r i s e  was not more  than 150-200 ~ for  a / a  o =1.5 and 
10-20 kbar  for  the yield point, which should not substant ia l ly  affect  the p roper t i e s .  This  e s t ima te  does not 
incorpora te  the d i rec t  heat t r a n s f e r  to the shell  f r o m  the detonated products .  
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